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Transition amplitudes, polarizabilities and energy levels within optical wavelength of
highly charged ions Sm14+ and Sm13+.
A. Kozlov,∗ V. A. Dzuba,† and V. V. Flambaum‡
School of Physics, University of New South Wales, Sydney 2052, Australia
(Dated: February 22, 2018)
We discuss possible search for optical transitions in Sm13+ and Sm14+ using ab initio calculations
of differential dynamic polarizability. We calculate dynamic polarizability for M1 transition between
first and second excited states of Sm14+ . Transition amplitudes and energies within optical range
for states that contribute to the polarizability of the mentioned transition are presented. Employing
simple analytical formula for polarizability data in the vicinity of a resonance and assuming that
several values of the polarizability for different laser frequencies will be measured one can find the
accurate position of the resonance. Results of similar calculations of amplitudes and energies of
states that contribute to the polarizability of the M1 transition between ground and first excited
states of Sm13+ are also presented.
PACS numbers: 21.10.Ky, 24.80.+y
I. INTRODUCTION
The physics of highly charged ions (HCI) has long and
rich history due to the role the ions play in studying
laboratory and cosmic plasma. Recently, the interest to
the subject was further elevated due to proposals to use
HCI for exceptionally accurate atomic clock [1, 2] and for
laboratory search for possible time variation of the fine
structure constant [3–6]. The latter proposal suggests the
use of HCI with optical transitions between states of dif-
ferent configurations. The existence of such transitions
is due to level crossing while moving from Madelung to
Coulomb level ordering along an isoelectronic sequence
with increasing nuclear charge Z [7]. One of the main
obstacles in the use of HCI with optical transitions is
absence of experimental data on the spectra of the ions.
Theoretical calculations are also difficult just because of
level crossing. Level crossing means that the energy in-
terval between states of different configurations is very
small (∼ 10−2 − 10−3) compared to the total ionization
energy of valence electrons. As a result, the relative the-
oretical error in this interval is enhanced ∼ 102 − 103
times. For example, different calculations give different
ground states for Sm14+, Eu14+, etc. [7, 8].
Experimental study of the optical transitions is likely
to have problems as well. All these transitions are very
weak magnetic dipole (M1), electric quadrupole (E2) or
strongly suppressed electric dipole (E1) transitions. This
is because level crossing in HCI happens mostly between
s and f levels or p and f levels. The s − d crossing
happens for low ionization degree and there is no level
crossing consistent with selection rules for electric dipole
transitions. However, electric dipole optical transitions
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are still possible between many-valence-electron states of
HCI due to configuration mixing. These transitions are
suppressed because leading configurations do not con-
tribute to the amplitude and small admixture of appro-
priate configurations make the electric dipole transition
possible. In this paper we suggest to employ dynamic
Stark shift of single known transition for recovering other
optically accessible transitions.
We consider optically accessible transitions in Sm14+
and Sm13+ ions. For these ions it is reasonable to con-
sider M1 transitions between first and second exited
states (first exited state is metastable) for Sm13+ and
ground to first exited state transition in Sm14+. If differ-
ential dynamic Stark shift of such transitions in external
laser field is measured for different frequencies of the light
the information about ion spectra can be extracted. The
value of the dynamic Stark shift is determent by E1 or M1
transitions from these two states to other states. There-
fore, studying the dependence of the shift on frequency
of the laser field can reveal the positions of theses other
states. It is important that in contrast to direct scanning
we don’t have to come close to the resonance while its po-
sition can be found with very high accuracy. This may
have significant advantage in searching for weak transi-
tions in considered HCI.
II. CALCULATIONS
A. Energy levels
The results of calculations presented in this paper rely
on method described in details in [9–11]. A brief descrip-
tion of this method is presented below.
We use the V N−M approximation [10]. The core elec-
tron states were obtained in Hartree-Fock approximation
for N −M electrons, where N and M are total number
of electrons and number of electrons above closed shells
(”valence electrons”). The Hartree-Fock (HF) Hamilto-
2nian of the system has the form
HˆHF =
M∑
i=1
cαpˆi + (β − 1)mc
2 −
Ze2
ri
+ V N−M (ri), (1)
where pˆi and ri are operator of momentum and coordi-
nate of electron, V N−M is the self-consistent HF poten-
tial.
The configuration interaction method combined with
the many-body perturbation theory (the CI+MBPT
method [12] is used to construct the many-electron states
for valence electrons. The effective CI Hamiltonian has
the form
HˆCI =
M∑
i=1
hˆ1(ri) +
M∑
j>i=1
hˆ2(ri, rj), (2)
where hˆ1(r) is the single-electron operator and hˆ2(ri, rj)
is the two-electron operator. The single electron operator
hˆ1(r) differs from (1) by an extra operator Σ1(r)
hˆ1(ri) = cαpˆi+(β− 1)mc
2−
Ze2
ri
+V N−M (ri)+Σ1(ri).
(3)
This Σ1 operator represents The correlation interaction
between a particular valence electron and electrons in the
core. The two electron part of (2) is given by
hˆ2(ri, rj) =
e2
|ri − rj|
+Σ2(ri, rj), (4)
where Σ2 accounts for screening of Coulomb interaction
between valence electrons by core electrons. We calculate
the Σ1 and Σ2 operators in the lowest, second order of
the MBPT.
The CI many-electron wave function is written in a
form
Ψ =
∑
k
ckΦk(r1, ..., rM ), (5)
where Φk are determinants made of single electron eigen-
functions of (1) combined in a way to have appropriate
value of total angular moment J . The expansion coeffi-
cients ck and corresponding energies are found by solving
the matrix eigenvalue problem
HCIΨ = EΨ (6)
for lowest states of definite J and parity.
B. Transition amplitudes and dynamic
polarizabilities
Electric dipole transition amplitudes are calculated us-
ing the time-dependent Hartree-Fock method [13] (equiv-
alent to the well-known random-phase approximation)
and the CI technique
〈a|E1|b〉 =
〈
Ψ(a)|dz + δV
N−M
ij |Ψ
(b)
〉
, (7)
where dz = −ez is the z-component of the dipole moment
operator and δV N−M is the correction to core potential
due to its polarization by external electric field. Elec-
tron wavefunctions Ψ(a) and Ψ(b) were obtained using
the CI+MBPT techniques described in previous section.
Dynamic Stark shift is considered in the Appendix. For
our analysis we need scalar polarizability given by (A2).
Its calculation involves summation over complete set of
intermediate many-electron states. We use the Dalgarno-
Lewis method [16] to reduce this summation to solving
a system of linear equations with the CI matrix. The
polarizability is rewritten as
α(ω) =
2
3(2J + 1)
∑
J′=J,J±1
〈
δΨ
(a)
J′ ||d||Ψ
(a)
J
〉
, (8)
where J is the total angular momentum of the state a.
The correction δΨ
(a)
J′ to the wavefunction Ψ
(a)
J due to the
laser electric field is found from the equation
(
HCI − Ea
)
δΨ
(a)
J′ = −
(
dz + δV
N−M
)
Ψ
(a)
J . (9)
The same formulas can be used to calculate energy shift
in laser magnetic field.
III. ENERGY LEVELS OF SM14+ AND SM13+.
All optical E1-transitions in highly charged ions are
narrow. This is because these transitions are in optical
range due to s−f or p−f level crossing [7]. The f states
are not connected to either s or p states by electric dipole
operator. However, if the number of valence electrons is
larger than one, the electric dipole transition might be
possible due to the mixing with appropriate configura-
tion. This mixing is small due to large energy intervals
between the states in HCI. For example, the f2 – sf elec-
tric dipole transition might be possible if second state is
mixed with the df configuration. This mixing is small
because it is inversely proportional to the d − f energy
interval which is large in HCI.
Let’s consider in detail the search for electrical dipole
optical transitions in Sm14+ ion. It has two valence elec-
trons above Xe-like core. There is a 4f−5s levels crossing
for this ion [7] which means that all lower states of the
ion are dominated by the 4f2, 4f5s and 5s2 configura-
tions and intervals between them are in optical range. It
makes this ion a candidate for optical clocks and for ex-
perimental search of time variation of the fine structure
constant. Experimental spectrum of this ion is not known
and we use ab initio calculations to find all data we need.
The results for energy levels and g-factors are presented
in Table II. Note that due to the level crossing energy
intervals between states of Sm14+ are small compared to
total two-electron removal energy. Therefore, they are
very sensitive to accurate treatment of correlation and
relativistic effects. For example, estimations of Ref. [7]
give different order of states than those presented in Ta-
ble II. The most accurate calculations for Sm14+ will be
3TABLE I: E1 and M1-allowed transitions within the optical wave-lengths from one of the reference levels of Sm14+.
initial state final state transition matrix partial width,
Ji Ei,cm
−1 Jf Ef ,cm
−1 energy, element Γ, a.u.
a.u. 〈i||E1||f〉 , a0
2 1243 2 9337 0.0371 1.1× 10−2 6.3× 10−16
2 1243 3 13070 0.0539 −2.1× 10−3 7.2× 10−17
3 3053 2 9337 0.0288 −6.6× 10−3 7.6× 10−17
3 3053 3 13070 0.0456 −1.2× 10−2 1.0× 10−15
3 3053 4 0 0.0139 −0.95× 10−3 1.8× 10−19
3 3053 4 13891 0.0494 3.9× 10−3 1.0× 10−16
3 3053 4 21048 0.0820 1.4× 10−3 6.22× 10−17
initial state final state transition matrix partial width,
Ji Ei,cm
−1 Jf Ef ,cm
−1 energy, element Γ, a.u.
a.u. 〈i||M1||f〉 , a0
2 1243 3 14603 0.0609 −2.9× 10−3 9.4× 10−17
3 3053 3 14603 0.0526 −8.3× 10−4 5.0× 10−18
3 3053 4 8092 0.0230 9.0× 10−3 3.8× 10−17
TABLE II: Energy spectrum of Sm+14. The results were ob-
tained using configuration interaction method and include up
to second order of many body perturbation theory. Refer-
ence transition is allocated with bold font, measurement of
its dynamic Stark shift gives necessary a differential polar-
izability can be obtained. Star symbol indicates levels that
contribute to differential polarizability of reference transition
and therefore can be calculated using proposed method.
Configuration J Parity ∆E, cm−1 g-factor
4f2 * 4 e 0 0.8
5s4f 2 o 1243 0.67
5s4f 3 o 3053 1.07
4f2 5 e 5409 1.0
5s4f * 4 o 8092 1.25
4f2 * 2 e 9377 0.67
4f2 6 e 10877 1.16
4f2 * 3 e 13070 1.0
4f2 * 4 e 13891 1.14
5s4f * 3 o 14611 1.0
4f2 * 4 e 21048 1.1
5s2 0 e 30908 0.0
published elsewhere [8]. Preliminary results of [8] indi-
cate the same order of states as in present work.
We consider differential dynamic polarizability in the
M1 transition between first and second excited states of
Sm14+. These states are shown in Table II in bold. Both
states are very long-living states. Although, there is an
allowed E1 transition from second exited state to the
ground state we expect it to be very weak for reasons
discussed above (see also calculated E1-transition ampli-
tudes in Table I). The first excited state can decay to the
ground state only via E3 transition. Due to its high or-
der and small frequency the probability of the transition
is extremely small.
Figure 1 presents results of calculation of differential
polarizability of M1 transition between first and second
exited states in Sm+14 (reference transition). Energy lev-
els within the optical range which contribute to the polar-
izability of the reference transition are listed in Table I.
The results for relative position of the levels given by
equation (A5) are presented on Fig. 2. Presence of hori-
zontal regions (same value of ∆E for different values of ω)
indicates the existence of frequency intervals where one
resonance strongly dominates. Fitting of the dynamic
polarizability using (A5) in these frequency intervals re-
covers the positions of the energy levels which are in good
agreement with direct calculations. This means that such
approximation for differential polarizability is valid near
resonances. The frequency intervals in which level can
be detected now are of the order of 10−4 a.u.
There is an additional uncertainty in fitting procedure
which needs to be discussed. When differential polariz-
ability is considered and energy distance to the resonance
∆E is found from the fitting procedure, it is not known
to energy of which of two states this ∆E should be added
to find the position of the resonance level. There is also
a question about the sign of ∆E. The sign is always pos-
itive for the ground state polarizability. For differential
polarizability of excited states the sign of ∆E must be
consistent with the sign of A (see (A5)). This is evident
4TABLE III: Energy levels of Sm14+ recovered from data on Fig. 2. ∆E and A are the interpolation parameters in eq. (A4).
Sign of A together with theoretical calculation results allows to pick correct one (bold) of two possible values of Ek - exited
energy level, that contributes to reference transition differential polarizability.
∆E, a.u. A/2(3J + 1), a20 〈i||E1||f〉
2 , a20 Ek, cm
−1
0.0139 +9.07× 10−7 9.02 × 10−7 3053-3052=1
1243+3052=4295
0.0288 −4.34× 10−5 4.36 × 10−5 3053+6324=9377
1243-6324=-5081
0.0371 +1.22× 10−4 1.21 × 10−4 1243+8146=9389
3053-8146=-5093
0.0456 −1.39× 10−4 1.44 × 10−4 3053+10013=13066
1243-10013=-8830
0.0494 −1.52× 10−5 1.50 × 10−5 3053+10847=13900
1243-10847=-9604
0.0539 +4.43× 10−6 4.41 × 10−6 1243+11835=13078
3053-11835=-8782
0.0820 −2.03× 10−6 1.96 × 10−6 3053+18005=21058
1243-18005=-16762
from comparing (A3) and (A4). If A < 0 then the energy
of the resonance state is either Ee +∆E or Eg −∆E. If
A > 0 then the energy is Ee −∆E or Eg +∆E. The ac-
tual choice between these two possibilities is easy when
calculated spectrum is available. Note that the accuracy
of the calculations does not have to be very high since
we only need to choose between two very distinct possi-
bilities.
Table III illustrates reconstruction of the energy levels
of Sm14+ from the data on the dynamic scalar polariz-
ability of the M1 transition (Fig. 1). First two columns
presents the values of ∆E and A obtained from (A5) us-
ing the values of the polarizabilities close to correspond-
ing resonance. The last column of the table shows the
recovering of the energies of the resonance states using
presumably known energies of the states for which po-
larizability is measured and ∆E from first column. The
right choice of the sign of ∆E and to the energy of which
of the two states it should be added is shown in bold. The
resulting energies agree well with calculated energies of
Table II. Note that the energies of the states which con-
tribute to polarizabilities of both considered states are
found twice.
Third column in Table III presents the squared re-
duced matrix element of the electric dipole transition
which can be compared with the parameter A. In
a single-resonance approximation they are related by
|A| = 〈g||E1||e〉2/2(3J + 1). One can see from the table
that they are really close in value. Some small difference
illustrates the accuracy of fitting by (A4). The data in
Table III shows that in the frequency intervals where the
fitting formula (A4) works well it can be used to recover
not only the energy positions of the resonance states but
also the values of electric dipole transition amplitudes.
The procedure considered above implies dynamic Stark
shift of reference transition energy in external electric
field of a laser. This shift is suppressed due to small
values of electric dipole transition amplitudes. The am-
plitudes are small because the transitions cannot go be-
tween leading configurations and appear only due to con-
figuration mixing. On the other hand, there are magnetic
dipole transitions which are not suppressed because they
go between states of the same configuration. In this sit-
uation magnetic dipole transitions can give significant
contribution to the dynamic polarizability. To check this
we have performed calculations of the M1 amplitudes for
transitions which may affect the energy shift of the refer-
ence transition. The results are presented in lower lines
of Table I. To present M1 amplitudes we use the relation
Bohr magneton µB = α/2 ≈ 3.65 × 10
−3 a.u. As one
can notice the values of M1 and E1 amplitudes are of
the same order of magnitude. Therefore, they should be
included in the calculation of the total energy shift. The
shift is described by the same equations as ones presented
in Appendix after replacing electric field with magnetic
in (A1) and E1 with M1 amplitudes in (A2). The anal-
ysis based on formula (A4) is still the same. There are
going to be extra peaks on the graph of the energy shift
as a function of external frequency. This complicates the
analysis, however the positive side of this is that it al-
lows to see more levels. Theoretical calculations might
be used to help identify the states where the resonances
originate from.
The same relation between optical E1 and M1 tran-
sitions is expected to be valid for many HCI with more
than one valence electron. In such systems electric dipole
transition amplitudes are small because they cannot go
between leading configurations and appear only due to
configuration mixing. On the other hand, there are al-
ways states of the same configuration where M1 ampli-
tudes are of the order of Borh magneton.
Table IV presents the results of similar calculations for
the Sm13+ ion. This ion has one extra electron above
closed shells which leads to much larger number of tran-
sitions within the optical range. The reference transition
is the M1 transition between the ground and first exited
5TABLE IV: E1-allowed transitions within the optical wave-
lengths from one of the reference levels of Sm13+.
initial state final state transition matrix
5s24f1, odd 5s14f2, even energy, element
Ji Ei,cm
−1 Jf Ef ,cm
−1 a.u. 〈i||E1||f〉 , a0
2.5 0 1.5 31974 0.1457 −3.5× 10−5
2.5 0 1.5 59831 0.2726 −7.9× 10−3
2.5 0 1.5 63794 0.2907 −3.4× 10−3
2.5 0 2.5 33648 0.1533 −3.2× 10−3
2.5 0 2.5 47679 0.2172 −1.4× 10−2
2.5 0 2.5 59004 0.2688 −5.9× 10−4
2.5 0 3.5 22824 0.1040 −2.1× 10−3
2.5 0 3.5 35940 0.1638 3.0× 10−3
2.5 0 3.5 44036 0.2006 1.1× 10−2
2.5 0 3.5 53901 0.2456 2.3× 10−3
3.5 6787 2.5 33648 0.1224 0.3× 10−3
3.5 6787 2.5 47679 0.1863 −2.5× 10−3
3.5 6787 2.5 59004 0.2379 6.8× 10−3
3.5 6787 3.5 22824 0.0731 0.3× 10−3
3.5 6787 3.5 35940 0.1328 2.0× 10−3
3.5 6787 3.5 44036 0.1697 −6.9× 10−3
3.5 6787 3.5 53901 0.2147 1.4× 10−2
3.5 6787 4.5 25357 0.0846 −3.0× 10−3
3.5 6787 4.5 37041 0.1378 1.2× 10−2
3.5 6787 4.5 39687 0.1499 3.0× 10−4
3.5 6787 4.5 46921 0.1829 1.7× 10−2
states with the energy of 6787 cm−1. The last column of
the table represents the amplitudes, that can be used to
reduce the number of fitting parameters.
For this ion there are only two levels of odd parity
(reference transition) within optical range. Therefore for
the Sm13+ ion there will be no extra resonances in energy
shift due to laser magnetic field as it was for the Sm14+
ion.
IV. CONCLUSIONS
It has been shown that the analysis of the dynamic
Stark shift for a single transition in HCI can be used to re-
cover a significant part of the spectrum of this ion as well
as the values of the electric dipole transition amplitudes
between the shifted states and states which contribute
to their polarizabilities. Highly charged ions Sm14+ and
Sm13+ considered in the paper are of particular inter-
est since they are candidates for atomic clocks and for
the search for time variation of the fine structure con-
stant. The ions have relatively simple electron structure
with two and three valence electrons above closed shells.
This makes it easier to base the analysis on the theoret-
ical calculations of the polarizabilities. However, similar
analysis based on experimental data is not limited to ions
with simple electron structure and can be useful for ex-
perimental study of wide range of the HCI.
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Appendix A: Stark shift near resonance
Energy shift of atomic levels in the presence of external
electric field E of linearly polarized light with frequency
ω can be written as [18, 19]
∆εnJM = −
[
αSnJ (ω) + α
T
nJ (ω)
3M2 − J(J + 1)
J(2J − 1)
]
E2
4
,
(A1)
where n, J,M are main quantum number, total electron
angular momentum and its projection respectively and
αSnf (ω) and α
T
nf (ω) are scalar and tensor dynamic po-
larizabilities of the state n, J . Averaging over all total
angular momentum projections cancels out tensor polar-
izability, therefore for simplicity we will consider only
scalar polarizability. It can be written as
αSnJ(ω) =
2
3(2J + 1)
J′=J+1∑
n′,J′=J−1
∆E〈nJ ||d||n′J ′〉2
∆E2 − ω2
, (A2)
where ∆E = En − En′ , d = −er is the electric dipole
operator and summation goes over complete set of inter-
mediate states. The above equation has singular points
at ω = En −En′ , which correspond to the resonances. If
frequency ω of the laser light is close to a resonance it is
convenient to rewrite A2 in the following form
αSnJ(ω) = −
2
3(2J + 1)
(
1
2
〈nJ ||d||kJ ′〉2
(En − Ek)− ω
+
1
2
〈nJ ||d||kJ ′〉2
(En − Ek) + ω
+
∑
n′ 6=k
(En − En′)〈nJ ||d||n
′J ′〉2
(En − En′)2 − ω2

 .
(A3)
Since ω is close to resonance energy ∆E = |En − Ek|
first or second term in brackets determines behavior of
α0(ω) depending on the sign of ∆E. Hence for differential
polarizability αS(ω) = αSn1J1(ω)− α
S
n2J2
(ω) of the refer-
ence transition near resonance a simple analytical for-
mula containing single resonance term and some simple
approximation for the rest of the sum can be employed:
∆αSnJ (ω) = −
(
A
∆E − ω
+Kω + C
)
. (A4)
Here nJ is the one of the two states n1J1 or n2J2 which
satisfy the resonance condition ω ≈ |En′J′ − EnJ |; A,
K, C and ∆E are fitting parameters. It is assumed that
6∆E > 0. Comparing (A4) to (A2) one can see that
the parameter A is related to the electric dipole tran-
sition amplitude between the resonance states nJ and
n′J ′ by A = ±〈nJ ||d||n′J ′〉2/3(2J + 1). The plus sign
corresponds to the case when En′J′ > EnJ , the minus
sign is when En′J′ < EnJ . Fitting measured differential
Stark shift of the frequency of the reference transition as
a function of the laser frequency using (A4) allows one
to find the position of the resonance (∆E) and the value
of the electric dipole transition amplitude between the
states involved in the resonance (A). Note that there is
still uncertainty due to the fact that it is still not known
which of the the two reference states n1J1 or n2J2 is in-
volved in the resonance. Fitting by (A4) does not distin-
guish between the two possibilities. One has to compare
with the calculations or use some other considerations.
For example, if A < 0 then the state nJ cannot be the
ground state. More generally, it cannot be the state from
which there is no electric dipole transitions to the lower
states.
It can be useful to have the formulae for the parameters
∆E, A,K and C in (A4) for the case when the differential
polarizability is known at four values of laser frequency,
ω1, ω2, ω3 and ω4 separated by equal frequency intervals
∆ω. The formulae are
∆E =
ω4 −Qω1
1−Q
, (A5)
Q =
αSnJ (ω1)− 2α
S
nJ(ω2) + α
S
nJ(ω3)
αSnJ (ω2)− 2α
S
nJ(ω3) + α
S
nJ(ω4)
A = −
αSnJ(ω1)− 2α
S
nJ(ω2) + α
S
nJ (ω3)
∆ω2
3(2J + 1)
4
×
(∆E − ω1)(∆E − ω2)(∆E − ω3).
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7FIG. 1: Difference of the scalar polarizabilities (A2) for Sm+14 M1 transition. The resonances appear for ω equal to 0.0139;
0.0288; 0.0371; 0.0456; 0.0494; 0.0539; 0.0820.
FIG. 2: Energy level position ∆E given by (A5) relative to one of the reference transition levels, as a function of external laser
frequency ω1. Dashed lines corresponds to resonances in polarizability presented in Fig. 1. For small values of ∆ω there is no
sensitivity to ∆ω.
